In this paper, we extend the results published in JCAM volume 214 pp. 163-174 in 2008. Based on the bound estimates of higher derivatives of both Bernstein basis functions and rational Bézier curves, we prove that for any given rational Bézier curve, if the convergence condition of the corresponding hybrid polynomial approximation is satisfied, then not only the l-th (l = 1, 2, 3) derivatives of its hybrid polynomial approximation curve uniformly converge to the corresponding derivatives of the rational Bézier curve, but also this conclusion is tenable in the case of any order derivative. This result can expand the area of applications of hybrid polynomial approximation to rational curves in geometric design and geometric computation.
Introduction
Since rational Bézier curves cannot only represent free form curves, but also accurately represent conic sections, they are used widely in Computer Aided Geometric Design. These rational curves have many good properties and algorithms [1] which are similar to those of polynomial curves, such as interpolation at end points, geometric invariance, convex hull, convexity preserving, variation diminishing, symmetry, de Casteljau evaluation, degree elevation, subdivision, etc. But extending the curve form from polynomial to rational polynomial brought two negative influences. One is the complexity of their differential and integral operations, the other is the difficulty of data exchange and data communication between different CAD systems that use polynomials or rational polynomials.
To overcome the above inconvenience, in 1991, Sederberg and Kakimoto [2] first proposed a new algorithm for approximating rational polynomial curves using polynomial curves. With this new approximation method, some related researches, e.g. finding its convergence condition [3] , estimating bound of the moving control point [4] , computing the area bounded by hybrid polynomial curve [5] , describing the relationship between hybrid and Hermite polynomial approximations [6] , have appeared. In 2008, Wang and Tai [7] obtained the error bounds of approximating the l-th (l = 1, 2, 3) derivatives of the rational curve by the corresponding derivatives of the hybrid polynomial approximation curve and the convergence conditions. So a natural question is whether any l-th (l ≥ 4) derivative of the hybrid polynomial approximation curve converges to the corresponding derivative of the rational curve in the L ∞ norm sense. If it is true, what is the convergence condition? Otherwise we should give a counter-example leastways.
This paper gives an affirmative answer for the question mentioned above. First, after given preliminaries in Section 2, the bound estimates of higher derivatives of both Bernstein basis functions and rational Bézier curves are derived respectively in Section 3. Secondly, in Section 4, by applying the approximation theory and matrix norm theory, it is proved strictly that for an arbitrary positive integer l (l = 1, 2, . . .), under the convergence condition of hybrid polynomial approximation to a rational Bézier curve, the l-th derivative of the hybrid polynomial approximation curve all uniformly converges to the corresponding derivative of the rational Bézier curve in the L ∞ norm sense. Finally, Section 5 summarizes our work to show that this result provides good theoretical support in the applications of hybrid polynomial approximation to rational curves.
Preliminaries
In order to express and analyze the hybrid polynomial approximation of any order derivative of rational curves, first we review the main results of the hybrid polynomial approximation to rational curves and the convergence conditions. Definition 2.1 ([2]). Let B n i (t) be degree n Bernstein basis, the weights ω i > 0. Given a degree n rational Bézier curve
Then the following curve
which is equivalent to the curve R(t), is called a degree r + p hybrid curve, where 
Using the recurrence relation, Wang et al. obtained the convergence condition for the hybrid polynomial approximation.
Specially, for the most common and important case of r = p = s, the corresponding convergence condition can be described as follows: Furthermore, in order to simplify the computations of low order derivatives of rational curves, Wang and Tai [7] extended this hybrid polynomial approximation algorithm to approximate higher derivatives of rational curves, pointed out the l-th(l = 1, 2, 3) derivatives of the rational Bézier curve can be approximated by the corresponding derivatives of the hybrid polynomial approximation curve. They gave strict mathematical proof and got the following convergence condition:
Lemma 2.2 ([7]). If the convergence condition of the hybrid polynomial approximation to rational Bézier curve R(t) is satisfied,
that is, if λ 11 max < 2, then the l-th (l = 1, 2
, 3) derivatives of the hybrid polynomial approximation curveH s,s (t) also uniformly converge to the corresponding derivatives of the rational Bézier curve R(t).
When r ̸ = p, under the condition which is similar to one for the situation of r = p, the corresponding result for the curveH r,p (t) still holds.
Example 2.1. Given the control points and the weights respectively as follows:
According to the above data we can draw a rational Bézier curve of degree 6 in Fig. 2 .1, then can illustrate the corresponding degree 4 (r = p = 2) hybrid curve and a hybrid polynomial approximation curve in Figs. 2.2 and 2.3, respectively. In this example, λ 11 max = 1.6338 < 2, so the convergence condition is satisfied.
Estimating higher derivative bounds of rational Bézier curves and Bernstein basis
In order to extend the special case of l = 1, 2, 3 shown as in Lemma 2.2 to the general case of l = 1, 2, . . . , without loss of generality, we need to prove if the hybrid polynomial approximation curveH s,s (t) converges to the original rational Bézier curve R(t), then for an arbitrary positive integer l, the l-th derivative ofH s,s (t) also uniformly converges to the corresponding derivative of R(t) in the L ∞ norm sense. The key idea is to analyze the character of difference in the l-th derivatives ofH s,s (t) and R(t) when s → ∞. As preparation, we introduce some lemmas 
From Lemma 3.1, it is easy to know that in order to obtain the error bounds of the hybrid polynomial approximation to higher order derivatives of the rational Bézier curve R(t), we need to estimate the bounds of higher derivatives of both the degree 2s Bernstein basis function B 2s s (t) and the degree n rational Bézier curve Q s,s (t), respectively. Next we discuss these two problems in detail.
Bound estimates of higher derivatives of rational Bézier curves
Given a rational Bézier curve R(t) shown as in Section 2, the homogeneous representation [8] of its control points
We call
the direction of the Cartesian vector between two homogeneous pointsR 1 andR 2 .
For simpleness of expression, in this paper we denote
Lemma 3.2 ([7]). The first derivative of a degree n rational Bézier curve R(t) can be written as
where
And we have the following estimates:
It must be pointed out that the second inequality above is the same as the result in the literature [9] .
Lemma 3.3. Let n and i denote two positive integers, where n > i, for any fixed i, we have
Thus the lemma is proved.
Lemma 3.4. Let ∆, E, I be a forward difference operator, shifting operator and identity operator, respectively, ∆ = E − I, then
Proof. Using the expansion formula
of the forward difference operator, it is easy to get
This completes proof of the lemma.
Lemma 3.5. Denoting g (t), h(t) as in Lemma 3.2, the bound estimates of the k-th derivatives of both g (t) and h(t) can be respectively expressed as follows:
Proof. By applying Lemmas 3.2-3.4, for any k = 1, 2, . . . , 0 ≤ t ≤ 1, when n → ∞, we have
Accordingly, the proof is completed.
Lemma 3.6 (Quotient Formula [10]). For a function f (x) = g(x)/h(x), the higher order derivatives of f (x) can be represented as a sum of derivatives of g(x) and h(x) and lower order derivatives of f
. Corollary 3.1. For a vector function f (x) = g (x)/h(x), the higher derivatives of f (x) can be expressed as a sum of derivatives of g (x) and h(x) and lower derivatives of f (x) as
. By using Lemmas 3.2 and 3.5 and Corollary 3.1, we can estimate the upper bound of the magnitude of any higher derivatives of an arbitrary degree n rational Bézier curve.
Theorem 3.1. For an arbitrary degree n rational Bézier curve R(t), the upper bound of its k-th derivative magnitude can be given as follows:
Proof. Firstly, by Lemma 3.2, when k = 1, the upper bound formula holds.
Suppose that the upper bound formula of the k-th derivative magnitude holds. Then by applying Corollary 3.1 and Lemma 3.5, we can see that when n → ∞, the following inequality uniformly holds:
This means that the upper bound formula of the (k+1)-th derivative magnitude holds. Thus we know for any higher derivatives of an arbitrary degree rational Bézier curve, the bound estimates are true. This completes the proof. 
Bound estimates of higher derivatives of the Bernstein basis function B
Proof. By applying Lemma 3.3, when s → ∞,
This completes the proof. 
Define the infinite norm of the matrix A n = (a i,j ) as
then we can get [7] Therefore 
Using this result, we obtain the following theorem: According to the above data which are the same as given in Example 2.1 we can obtain a rational Bézier curve of degree 6 drawn in Fig. 2.1 . Now we illustrate the polynomial approximations to the 1st, the 2nd, the 3rd and the 4th derivatives of the original rational curve by the corresponding same order derivatives of the hybrid polynomial approximation curves 
Conclusion
This paper gives an effective method of hybrid polynomial approximation to higher derivatives of rational curves and the convergence conditions. This method can simplify the computations of higher derivatives of rational curves, improve the efficiency in geometric design systems and data exchange and data communication between different CAD systems that use polynomials or rational polynomials. Due to the convenience of evaluation, differential and integral operations of polynomial curves, it is obvious that the method in this paper will be widely applied in geometric designing and geometric computations.
